Proofs

Example 2

Given that r and s are rational numbers, show that r + s is
rational.

Proof: Since r and s are rational, we can write:
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Since m, n, p, q are integers, pn + qm and gn are also integers.

Thus, by the calculation above, r + s is the quotient of two
integers, and is therefore a rational number.

Direct Proof
Example1

This is a simple, direct proof that the sum of two integers is
itself an even number.

Proof: Consider two even integers x and y.

Since they are even, they can be written as x = 22 and y = 2b
respectively for integers a and b.

Then the sum x + y = 22 + 2b = 2(a + b)

From this, it is clear that x + y = has 2 as a factor and therefore
is even, so the sum of any two even integers is even.

Example 3

Here's an example of a proof that is really just a calculation.

Given the trig identity sin(x + y) = sinxcosy + cosxsiny, prove
the identity: sin(2x) = 2sinxcosx

Proof: sin(2x) = sin(x + x)
= sinxcosx + cosxsinx
= 2sinxcosx
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Let n be a natural number.

For each of the following statements, decide whether it is true or false.

If true, give a proof; if false, give a counterexample. (b) Let p be an odd integer. Use the result of (a) to prove by induction that p"
is odd for all positive integers n.

(a) Prove that the product of two odd integers is odd.
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A If 7 is a multiple of 9 then so is n”.
2. : .
B If n” 1s a multiple of 9 then so is n. 4
(a) Write the odd integers as: 21 + 1
and 2m + 1 where » and m are integers. IM [for unconnected odd integers
Let 7 be a natural number. 4 Then
For each of the following statements, decide whether it
is true or false. @n+1)(2m+1) =4nm +2n+2m+1
If true, give a proof,if false, give a counterexample. —AET L d clearly
A I n is a multiple of 9 then so is °. which is odd.
B 167 is a multiple of 9 then so is . (b) Letn = 1.p' = pwhichis givenasodd. 1
Assume p* is odd and consider p** 1. ™M
A Suppose 1= 9 for some natural number o Generalisation. using o
[postive nteger]. . differentletter > Pl=pgxp 1
0 (g 4 Since p* is assumed to be odd and p is
ST > - £l . . 3
Thenr* = $1nr = 9(9mP) S odd. p** ! is the product of two odd for a valid explanation from a
integers is therefore odd. 1 [previous correct argument
Hence ' is a multiple of 9. 5o A s true. o Conclusion of proof and Thus p"* ! is an odd integer for
MM TN all nif p is an odd integer.
B False. Accept any valid counterexaniple: «* Valid counterexample and
n=3.6.12.15.21 etc conclusion.’
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For each of the following statements, decide whether it is true or false and prove
your conclusion.

A For all natural numbers m, if m” is divisible by 4 then m is divisible by 4.

B The cube of any odd integer p plus the square of any even integer ¢ is

always odd. 5
(a) Counter example m = 2. 1,1
So statement is false.
(b) Let the numbers be 2» + 1 and 2 then ™M
@+ 1P+ Cm =8’ + 1287+ 6n + 1 + am° 1
=204 + 60 + 30+ 20%) + 1 1
which is odd.
OR
Proving algebraically that either the cube of an odd number is odd or the
square of an even number is even. 1
Odd cubed is odd and even squared is even. 1

So the sum of them is odd. 1



