Proofs

Example 1

Consider these two statements;

A n?is even
B niseven neZ

Prove that A =B by contradiction.
Proof: Assume that A is true but B is false.

A n?iseven
B n is odd

Then n is odd and n = 2m + 1 where m&€Z

Suppose we have two statements A and B, and we want to
prove that if A is true then B is true (we write this as A = B,
and say "if A then B").

One way of doing this is to assume that A is true but that B is
false, and get a contradiction.

This is the method of proof by contradiction.

Then n is odd and n = 2m + 1 where me€Z

But: (2m+1)2=4m*+4m+1
=202m> +m) +1
=2r+1 rez

This shows that (2m + 1)> = n*is odd, which contradicts
statement A.

Hence n must be even.



Example 2 Example 2

e 9 : Prove by contradiction that /7 is irrational.
A common question in assessments is to prove that, for some Y 7
non-square integer a, vVa is irrational.

Proof: Assume that it is rational.
The method below holds for all such a.

Then V7 = % (m and n have no common factors)

—m
- 2
n
2__0 e ) N
T =m m?” is a multiple of 7 = m is divisible by 7
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on |n So, m and n have a common factor hence, by
contradiction, v/7 must be irrational.
Example 3 2010 012
Prove by contradiction that \/E is irrational. Prove by contradiction that if x is an irrational number, then 2 + x is irrational. 4

Prove by contradiction that if x is an irrational number, then 2 + x is rational.
Proof: Assume that it is rational.

Assume 2 + x is rational
Then 6= % (m and n have no common factors)

andlet2+x= 2 where P, q are integers
6= ”i q
n2 So x= Z -2
6n2 = m2 m? is a multiple of 6 = m is divisible by 6
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R, Since p - 2g and g are integers, it follows that x is rational®*.
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i.e. both divisible by 6
C.6|n So, m and n have a common factor hence, by This is a contradiction.

contradiction, \/E must be irrational.



Prove that if ae Q@ and x is irrational, then @ + x is irrational.

A:aes Q and x is irrational; B: @ + x is irrational. Assume the negation
of B, i.e., that @ + x is rational. Then 3, #e Z (with #=0) s.t.
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Hence, ae Q and s, < Z imply that S—Taf = xe @, which contradicts

the assumed irrationality of x.

Prove that if x* + 7x > 0, thenx > 0.
Assume that x* + 7x > Oand x < 0. Then, x* < 0and 7x < 0. Thus,
x +7x <0+ 0

X +7x 20

This clearly violates the assumption that x* + 7x > 0.Hence, x > O.



