Lmlicit Differentiati

. : 2 2
Consider the equation x~ + )~ =1

Pel-i?

y= i\l_x

This equation defines y explicitly as a function of x.
The equation x° + y* = ldefines y implicitly in terms of x.

When y is defined implicitly in terms of x, it is possible to find an expression for z“;

without first expressing y explicitly in terms of x. This is useful, since it is often
very difficult or impossible to express y explicitly in terms of x.

The derivative of y* with respect to x is found using the chain rule as follows:
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Note that xy is actually a product of two functions of x (since y is a function of
x) and the derivative of xp with respect to x is found using the product rule, as

follows:

Example

The equation x*+)? = 4 defines y implicitly in terms of x.

Find an expression for % in terms of x and y.

Solution
x*+yl=4

Differentiate both sides of this equation with respect to x.
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Example 2

The equation lny = X + y defines y implicitly in terms of x.

Find an expression for ig in terms of x and y.

Solution
Iny=x+y
Differentiate both sides of the equation with respect to x.
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Example 3

The equation X*+ Xy =2 defines y implicitly in terms of x.

Find an expression for Zy in terms of x and y.

X

Solution
AR =
ay =

20666 o5 ey D

dy = _ 9y _

e = I
dy _ —2x—y




Example 4

The equation ) - xy = x defines y implicitly in terms of x.
: . dy .
Find an expression for dy Interms of x and y.

Solution
VP -xy=x
d d _
2k =it sty (SIS

d —_
T(2y-x)=1+y

dy — 1ty
dx et

Example 5
: 2. 2_ .4 4 T
The equation X Y =% + Yy defines y implicitly in terms of x.
: : dy .
Find an expression for Jx nterms of x and y.



Solution

2.2_ 4. 4
Xy =x +ty

x2.2y.;2:+y2.2x=4x3+4y3.g
2x2yd +2xy =4x +4y3dy
x2y Y+ x)° =2x +2y3dy
xyd =y Y =9y — x)f
Dy =2y) =2 —x)°
dy _ 2x3—xy2
dx " xy-2y

Equations of Tangents

Example 1

2 2
A curve is defined by the implicit equation X~ =+ y +2x — 4y =15

Find the equation of the tangent at the point (3, 4) on the curve.

Solution
x2+y2+2x—4y=15
2 +2y. 2 +2 4% =(

x+yg§+ 222:=0
d dy _
Vix =24z = —x~1
d —
Ly-2= -x-1
i =l




At the point (3, 4)

dy=—x—1

dx =

dy _— —3-1

dx 4-=-2

dy _

ax = 72
y—b=m(x —a)
yi=As = =5
y—4=—-2x+6

y= —2x+10

Example 2

: -y : 2 2
A curve is defined by the implicit equation 2x° — 3xy -y = 1

Find the equation of the tangent at the point (2, 1) on the curve.

2x2—3xy—y2=1
4x—3x.fl—i’—3y—2y%=
4x =3y + 2 (=3x —2)) =0
V(=3x —2y) =3y —4x

dy — 3y—dx
dx — 2T




At the point (2, 1) dy _ 3y—idx
dx ~ =3x=2y

dy — 3D)—-4(2)
dx — =32)-2()

dy = 5
x 8
y—b=m(x—a)
=il (G =)
8y —8=5x —10

x—8y—2=0

Second Derivatives

2
The function y = /(x) is defined implicitly by the equation X~ + 2xy = 1

2
Find the expressions for dy and ay

in terms of x and y.
dx dx2

Solution
x2+2xy=1
d _
P S =)
d _
it k=10

dy — —x—y
dx X
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dzy dy . dy _
1+xdx2 i dx i dx =

dzy dy _
1+xdx2 +25—0

1+xf1xy+2( V) =0
2
x+x2% +2(=x—y)=0
2

x+xd ===

— =
0 V
dzy — xtly
dx’ x*

Example 2

The function y = f(x) is defined implicitly by the equation yz —x =4

2
Find the expressions for dy and 4 in terms of x and y.

X dx*
Solution
2
Vv —x =4
Y _Hy=
2y. 5 —2x=0
dy —
Y i x=0
dy
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A curve has equation
L+axy+y>+11=0.
dy d-y

Find the values of — and : — at the point (=2, 3).
ax ax”
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Logarithmic Differentiation

Recall the laws of logarithms below:

In(ab) = [na + Inb
In( %) = Ina — Inb

In(a") = nina

When a function involves the product of powers or roots, logarithmic
differentiation can be used to find the derivative of the function.

Logarithmic differentiation involves taking the natural logarithm of the function
before differentiating, the function should be simplified before differentiating.

Example 1

X
Y= 107 use logarithmic differentiation to find zg:

y=10"
Iny =In(10")

[ny = xlnl0
1 Q =
) =[nl0
Zﬁ- = yInl0

Y =10 x 10"



Example 2

: i
Given ) = 27 use logarithmic differentiation to find ch}

Iny = 3xin2

1 d_y =
o 3n2

dy =3[m x y

W =3 x 2

Example 3
Given b% =

xz(x+ 1)4 5. 0y dy
j usc logarithmic differentiation to find ;=
Y dx+1 dx

- Jc2(3c+1)4

J 4+l

= xz(x+ 1)4

1
(4x+1)2

2 4
Iny = ln(x(xﬂ)])
(4x+1)2

[ny = ln(xz(x + 1)4) —[n(4x +1)

BN | —

[ny =In X+ n(x + 1)4 — [n(4x + 1)é



o | —

[ny =1In X+ In(x + 1)4 —In(4x +1)

1 dy —5 1 L =2 =
1 dy =2 + S
y tdx x  (xt]) (4x+1)
dy _ 0 4 2
dx y( b & (x+1) (4x+l))
2 4
dy=x(x+1)(2+ 4 2 )
dx \/ Ax+] \ X (x+1) (4x+1)
2 4
dy=2x(x+l)(1+ 2 1 )
dx v/ Ax+1 VX (x*]) (4x+1)
Example 4 5
. = n . - dy
Given VYV = 7~ use logarithmic differentiation to find o
| sinx *
%)
e
\ sinx
e
— xe
lny—ln( — )
\/ SInx

[ny = ln(xexz) —In (Sinx);
2

Iny =Inx +Ine” —In (Sinx);

[ny =Inx + _— %ln(sinx)



Iny =Inx + Xt — éln(sinx)

ey PN (5
V* dx x+2x S .- S eOsE
1 dy_1 _1
> i x+2x ,COEX
Yyl =l _
— —y(x+2x 2cotx)
d A 1
g (+2x—cotx)
Example 5

. X
Given ) = X use logarithmic differentiation to find ay

dx

y=x

Iny =In(x")

Iny = xinx
[ |
y.dﬂz—x.x+lnx

T

o =y(1+nx)

Z:g: =x"(1+ Inx)



Parametric Differentiation

Consider a point moving on the x, y plane.
Let (x, y) be the coordinates of the point at the time 7.
Then both x and y are functions of 7.

Suppose, for example, that x = # and y = 21.
When1=3:x=32=9and y=2(3)=6.

Hence, the coordinates of the point at time 7 =3 are (9, 6).

The equations for x and y, in terms of 7, are known as Parametric Equations and ‘7 is
known as the parameter.

An expression forQ in terms of 7 can be found by using the formula below:
X

d
dy — (&)
dx
@ ()
Example 1
A curve is defined by the parametric equations
2
x=r+L y=r -5
t
: . dy .
Find an expression for i In terms of 7.
Give your answer in its simplest form.
Solution
) S |
X=t+ Ve =t
t t
& =0 = —2
Xx=t +¢ y=t—t
ax — == dy _— —
& =2u-2 2 =2+

dt

dx —~, 2 dy — 2
dt 2t t3 dt_2t+r3



Example 2
A curve is defined by the parametric equations X = 0 — sin@ y=1- cosO
(0<6<2r)

dy 1n terms of 9

Find an expression for e

Solution
x =0 — sind y=1—cosO
== cos6 = sinB
dy _ sinf




Example 3
t 1+¢

A curve 1s defined by the parametric equations X = 1+ Y - =7 (f -'/—' + 1)
Solution
Iz
= — = f
X = Y 1=
u=t u=1 u=l+r =1
v=1+1r V= v=1l—¢t v=-1
Zh5 wv—vu dy _ uv—vu
dt v d 2
dx - 1+)=1() dy — 1(=0)—(=1)(1*1)
= (1+1)° dt (1=1)
dt (1+ l‘)2 dt = t)z
dx — 1 dy = 2
dt - (1+ry ar (11
2
dy — (-7
dx 1
(1+1?
2
dy — 2(1+1)

ax  (1-1)




Example 4

— 2 3
A curve is defined by the parametric equations X = -1 y= [+

at which the gradient is 2.

Solution
x=1—1  y=r+1
ey =3
dy — 3+1
dx =2t
When 77 =2 =2
3 1= — 4t
¥ +4t+1=0
Gt+1)(t+1)=0 t= =1, —1

When = —1]

s = y=z‘3+t

x=1- (=1 y=(=1’+ (-1

= - — i.e.g
When ¢ = _;

el = y=r+

r=i=(=F r=(=) (=)

x=g = —% ellon = o)







dy — ] )
= ea— X

dx \/-fl—x4

ay = . .. 0

dx vfl_x4

Example 3_
y= tan_l(\,,/’ 3x — 1)

y= tan_l( (3x — 1);)

dy — 1 1 -1
dx 12-2(33(:_1)2.3
1+((3x—1)2)
dy — 1 3
dx — 1+(Gx—1) ° i
s O i)
dy — 1 3
dx  3x - 2v" =1
dy — 3
dx 6y [3x—1
dy 1

dx oy /35—



ey (20
w= 2\/'1—)(2
' X
u= vfl_x2
W = 4y +Vu
dx
e B - . cos (x)+ (—
dx \H_x




Past Paper Example

dfe = LDBx
(a) Show that el x2

(b) Hence given Y= tan_l( e ) _ show that dy — (x=le

X dx x2+e2x

(a) = i

Il
S .
=
|
=
=

dx -
dy _ e .x—e
dx e
Zi; — (xz— D as required
X
foy=wn™  fx)=
o
—1f *
y =tan ( ~ )
ghys =] e'(x—1)
dx 1_,_(6;)2 52
i e'(x—1)
dx 1+ exzzx x2
dy — e'(x—1)
dx 2(1+ ejzx)
dy _ e'(x—1)

— as required
dx x2+62x




