Complex Numbers

2013
Q7 — 4 marks

Given that = = 1—+/37 , write down ¥ an

Marking Instructions

S

Z=1+~3i

bl 35

_ .. T
Z=2|cos— +1sin—
2 2

5

” .. T [ 2n .. 2¢;
- =| 2| cos— +isin— :4{cos—+1sm—
3 3, 3 3

NI

OR

2
2 =(1+43i) =1+23i-3=2+23i

Z =2+2/3i=r(cosf+isiné)

2n ) 2n . 2n
r=4.0=""_ 7%= {cosjﬂ'sm%
b bl

—_—
d express - in polar form.

Correct statement of
conjugate.
One of , @ correct.!

Second correct and
accurate substitution.!

45
Processes to answer.

Obtains z2 in Cartesian
form.

One of 7, 8 correct.
Second correct and
accurate substitution.*



2013
Q10 -5 marks

Describe the loci in the complex plane given by:

(@) lz+il=1;
) |lz=1l=|2z+75|.

Marking Instructions

Circle...

...centre (0, — 1) [or —7], radius 1

OR tti=x+tivti=x+i(v+1)

‘.‘r+()"+l)i‘2=1

x* Jr(_l’Jrl)2 =1

Circle centre (0, — 1), radius 1

OR

Set of points equidistant from (1. 0) and (- 5. 0)

Straight line...

Lx==2
OR _ |__+52
[x—D+iyl* = [(x+5) +iy?

(.\'—1)2 +,1'2 = (.\'+5)E +_\‘2

—2x+1 =10x+25

-24 =12x

X =-2

which is a straight line

OR

e Observation that locus
will be a circle®

o’ Identification of centre

(in either form) and

radius. ®

o Correct expression for

modulus in Cartesian
5

form.

o~ Statement that locusis a
circle, centre’ (in either
form) and radius.

e Sketch of a circle
Identification of centre
and radius.>®

o

Observation that
equidistant from specifie
points.

Identifies form of locus.

Statement of equation.®

Collects real and
Imaginary parts and
equates moduli **

Accurately processes to
reach equation.

Explicitly states form of
locus.?

Sketch of axes with any
straight line drawn.
Vertical line to left of
y-axis.

Explicitly states equation
OR identifies the point
(-2. 0) as being on the
line.



2012
Q3 — 6 marks

Given that (=1 + 2¢) is a root of the equation
2+ 524112+ 15=0,
obtain all the roots.

Plot all the roots on an Argand diagram.

Marking Instructions

Since wis aroot.w = —1 — 2i1is also a root. 1 |for conjugate
The corresponding factors are
(z+1-2)and(z + 1 + 2{)

from which
(C+D=2)(z+ D +2i)=(z+ 1>+ 4
=224+22+5 1
P +52+11z+15=(2+2245)(z+3) 1 |evidence needed
The roots are (-1 + 2i), (-1 — 2i)and -3. 1 |for stating roots together
. | 1 |for two correct points

1 |for third correct point




2012
Q16b — marks

(a) Prove by induction that

(cos B+ 1sin8)" = cosnbB + i sinnb

for all integers n = 1.

11

cosX 4 jsinl-

18

18

(b) Show that the real part of

1 18 Zero.

T - . Tt
COS5—+18INn+—

36

Marking Instructions

(a) Forn = 1.the LHS=cos# + i sinf and
the RHS =cos# + 7 sinf. Hence the
result is true forn = 1.

Assume the result is true forn = k. ie.
(cos@ + isinf)f = cosk@ + isinké.

Now consider the case whenn = & + 1:
(cosf +isinf)*! =(cosh +isinf)*(cosd +isinf)
= (coskf + isinkf)(cosf + isin6)

= (coskf cosf - sinkAsinf) + i (sinkA cosd + coskBsinf)
=cos(k+ 1)@ +isin(k+1)6

Thus, if the result is true for » = & the
resultis true forn = & + 1.

Since it s true for n = 1. the result
istrueforalln = 1.

) (cosf + isin®g)?  cosyff + isinlp
(cos%& + isingk)®  cosd + ising

cosile + isindlg  cosE —ising
*

cos§ + ising cosf — ising

1lx « T oy 1L s @@
COSg COSy + Sz Sul ) )
= > . + Inagiary (e
COS™§ + Sl F

= cos(]l—nr 1] + Imaginary term
R TR sy

JT . .
COSE + 1magimary ferm

Thus the real part is zero as required.

36

working with » 1s penalised.

for applying the inductive
hypothesis
multiplying and collecting

using result from above

or equivalent




2011
Q10 -5 marks

Identify the locus in the complex plane given by

Show in a diagram the region given by l=—1] <3.

Marking Instructions

Letz = x + iv.so

z—-1=(x—-1)+ in 1
|z -1 = (x - 172 +32 =09 1
The locus is the circle with centre (1. 0) 1 Can subsume the first two
and radius 3. marks.
1 for circle

1 for shading or other indication




2010
Q16 — 10 marks

Given = = r(cos8 + isinf), use de Moivre’s theorem to express 2° in polar form.

. 2
Hence obtain (cos S
I ]

. .9 : .
+1sin %-;)3 in the form a + 1b.
S
Hence, or otherwise, obtain the roots of the equation 2" = 8 in Cartesian form.

Denoting the roots of 2° = 8 by 2, 25, 23
(a) state the value z; + 2, + 25;

(b) obtain the value of gf’ + :;5’ 4 zg

Marking Instructions

2 = r*(cos 36 + isin3f) 1
(cos + ising) = cos27 + isin27 1 |necessary
a=1.b=20 1
Method 1
7 (cos36 + isin3f) = 8
7 cos30 = 8ands?sin3f = 0 1
= = 2:30 = 0, 27, 4= 1
Roots are 2. 2(cos%¥ +isin%¥¥). 2(cos¥ + isin##). 1
In cartesian form: 2, (=1 + i/3), (-1 — iV/3) 1
Method 2
2 -8=0 1
z-2)(2+2z2+4 =0 1
-2(E+12+ 3% =0 1 or by using quadratic formula
so the roots are: 2. (-1 + r\:@) (—1 - :'\/g) 1
(a) Zi+t o +zz3 =0 1 |
(b) Since 3 = 23 = 3 = 8 1
it follows that
A+B3+9= (D + @+ @

=3 x 64 =192 1



2009
Q6 — 6 marks

-2
Express 2 = (I;FA in the form a + b where a and b are real numbers.
—1

Show = on an Argand diagram and evaluate |z| and arg (2).

Marking Instructions
(1+2if 1+4i-4

= = P 1
7 — i ] — i
_ —f + fl; . _ + ;r 1
7 — i ]+ i
(=3 + 4)(T + D)
- 50
1 |
= —= 4 =i 1
2 2
1
o = LR N 1
4 4 2
. 3w
argz = tan_l% = tan’ (-1) = TT (or 135°). 1

2008
Q16 — 10 marks

Given 2 = cos 0 + ¢ sin 0, use de Moivre's theorem to write down an expression
for 2" in terms of 6, where k is a positive integer.

Hence show that ? = cos kO — 1 sin k6.

Deduce expressions for cos k8 and sin k6 in terms of =.
2

b . .
Show that cos’8 sin’6 = ——— (z ——,,) ,

Hence show that cos’6 sin’6 =a + b cos 48, for suitable constants a and b.



Marking Instructions

coskf® + isinkef.
1

coskf — isinkf

Adding the expressions for =¥ and —1; gives z

cosk = 3(F + 7).

"~ coskf + isinkf

costkf + sin?k@

.k_'_;lF

= coskf — isinké.

= 2 coskf so

Subtracting the expressions for = and;lg gives =F — -1; = 2i sin kf so

sinkf = +(F -

=)

Fork =1

22
cos A sm g =

ie.a = tandd = L
OR

1

[#- )

= cos’ @ sin’

(cos 6 sin 6)’

_(:+%){:—4))Z
B 4
__L(:_l]'
16\ 2]
—'4+l—"—"cos46'—2
- :4 P
f = 4 — 4 cos46,

A correct trigonometric proof that cos” 6 sin’6 = § — § cos 46.

2E1




2007
Q3 — 4 marks

Show that = 3 + 3/ is a root of the equation z° — 18z + 108 = 0 and obtain the
remaining roots of the equation.

Marking Instructions
(3 + 3;')?’ = 27 + 817/ + 81i% + 27 = —54 + 54i. Thus
(3 + 3 — 18(3 + 3i) + 108 =
—54 + 54i — 54 —54i + 108 = 0
Since 3 + 3iisaroot, 3 — 37 is aroot.
These give a factor (z — (3 + 3/))(z = (3=3{)) = (z =3 +9 = 2> — 62 + 18. 1
2 - 1824108 = (7 — 6z + 18)(z + 6)
The remaining roots are 3 — 3 and —0. 1




2007
Q11 -4 marks

Given that |2 =2| = |z +7|, where 2 = x + iy, show that ax + by + ¢ = 0 for suitable
values of a, b and c.

Indicate on an Argand diagram the locus of complex numbers = which satisfy
z-2| =|z+1|.

Marking Instructions

|:—2| = |:+f\
| (x =2y +iv] = [x + (v + D] 1
=24y =X+ (y+ 1) 1
—dr+4 = 2v+1
4y +2v -3 =10 1
i
1

ES ]




