Further Differentiation

2013
Q11 -6 marks

A curve has equation

X +4xy +y7+11=0.

dy d’y

Find the values of — and — at the point (-2, 3).
X .
Marking Instructions
Expected Answer/s Max Additional Guidance
Mark
A curve has equation 6
X +4xy+y*+11=0
Find the values of 2 and &y at the point (-2, 3)
dx dx? I s
2x + 41’% +4y .. o' Differentiates +* and first
< T
product
o+ Z}FE —0 (4) o’ Differentiates 37 + 11 =0
dx correctly.
dy dy dy 5 g
2(—2) +4( 72)a+4(3)+2(3)E70 - 574 o Evaluates =
OR &= _ 2ty xy O g o Evaluates
dx ax+2y 2xty da dy .
o after rearranging.
2 4 . . -
. - d’y | dy dy o Differentiates first three
: RN o T 4

Differentiating (A): 2 + 4x a2 4- =T 4 o terms of (A) correctly,

including a product.®

o"  Differentiates final

&y a2
Yy—— = —
et ygat2 (d:r) =0 product of (A) correctly

2 2
F2+4(-20 58t S 242 =0

d?y 5 . a’y 1
e 33 *'  Evaluates s
OR  Differentiating (1): ' Evidence of valid
application of quotient (or
dy dy product) rule.
2 ; L ’ 52 4
dy __ (2x+y) (1 +2 dx) (r+2y) (2 + dx) o’ Differentiates correctly.
dx? (2x +y)?
£y e+ +2) - ((=n+2@)@+) _ . o Evaluates &Y 14

dx? @(—2)+37 dx® "




2012
Q13 - 10 marks

A curve 1s defined parametrically, for all ¢, by the equations

. 1, _ 13
x—2t+§t, y= §t -3t
2
Obtain dy and d i as functions of {.
X dx”

Find the values of ¢ at which the curve has stationary points and determine their
nature.

Show that the curve has exactly two points of inflexion.

Marking Instructions

(Marks aywarded for

X = 2 + 47 = & =241 1

y=1F -3 = D3 1
. 2 _
A £-3 L
dx 2+t
i(ﬁy2r(2+r)—(rz—3)7f2+4r+3 "
dr\dx] (2+1)? O 2+1P

dv _P+d4r+3 1 £4di+3
dr Q2+ 2+t (2+1p

Stationary pomts when % = 0.1e.
P-3=0=1=n83 1
dr 3+43+3

Whent = V3. —5=—""7--—>0 no marks for using a nature
Vi axr (2437 1 |table .
which gives a minimum.
Ay 3-43+3 .
Whent =3, —5 = 7(] <0 no marks for using a nature
dx 2-3)
. . 1 [table
which gives a maximum.
At apoint of inflexion, £ = 0. 1

In this case, that means
Prdt+3=(r+1)(r+3)=0
and this has exactly two roots. 1 |[need to show 2 values exist

Note thar rhis is a slimmed-down version of
the complete story of points of inflexion.




2011
Q3a— 3 marks

. dy . . : :
Obtain =2 when y 1s defined as a function of x by the equation
X

y+e¥= X%,

Marking Instructions

(a) Method 1
v+ =2
ﬂ ‘i . 1M [for applying implicit differentiation
PR 1 [foraccuracy
dy ) dy 2x
E(l+e?)72x:E—(l+ef)
Method 2
In(y + &) = 2 Inx 1
1+eHE 2
k= 1
v+ e x
v 2+ &) 1
dx  x(1 +¢)
Method 3
vt = =sd=r-r=y=hx-y 1
dyv  2v - @ 1
a2 - ¥y
B2y =L = B2 —pr1) =2
ﬂ _ 2x 1
dv ¥ —-y+1




2011
Q7 — 4 marks

A curve is defined by the equation y =

1-x

Calculate the gradient of the curve when x = 0.

Marking Instructions

Method 1
ST 4oy
po= =
: V1 - x
= Iy = (™ 2 + x°) - n(WI = %) 1M
=sinx + 32 + ) - 4ln(l - x) 1
1dy 3 1
—— = COSY + + — 1
vdx 2+x 2(1-n
dy 1)
— = ylcosx + + —J
dx 2+x 2(1 —-x
Whenx = 0.y = 8=
. 3 1
gradient = 8(1 + =+ —) = 24, 1
2 2
Method 2
. esm\-(z +wa3 . (fj‘ B
’ V1 - x dx
£ Q2+ WT—x - ™2+ (-1 i
(1-x) :
. sinx P & 3p5i0% 2101 .
:[cosxe (2+.\J+.€. 2+ -x) M1
_ (1-xp?
ST (2 4+ x)
t - 1
2(1 = xy"™
Whenx = 0,
a3 A2 3
gradieut:%+%:20+4:24 1
Method 3
L emN2eap
y= T-x
Wl —x = ™52 + 1) 1

V1 7.\% — (1 <\')71‘:2

=cosx @™ (2 + ¥} + 3657 (2 + 1) 1,1
whenx = 0,y = 22 = 8. This leads to
2 =24 1

for use of logs
for preparing to differentiate

for final value

for use of quotient rule

gsin x (2 + .X-']E

for x <1.



2010
Q13 - 10 marks

) 5 L .
Given v= £ —512 and x =/t for ¢t > 0, use parametric differentiation to express
dy

— 1n terms of ¢ in simplified form.

dx

a’zy
Show that P at’ + bt, determining the values of the constants a and b.

Obtain an equation for the tangent to the curve which passes through the point
of mflexion.

Marking Instructions

y=rF- =232 5 1
) ; —1/ 1
¥o= =12 = &
v 3 -5t 1
dx L2
= 67 - 1077 1 for eliminating fractions
.
ay _ §(&) .
dx & )
6 x §°7 - 10 x 12 1
YTE
301 — 301 1

1e.a = 30, b = =30

2,
At a point ofinﬂexmon.%}, 0=1=20orl

Butr >0 =r=1= 2 =4 1 the value of the gradient
and the point of contact is (1, —3) 1
Hence the tangent is

v+4=—4(x-1) 1

ie.2y + 8 =5



2009
Qlb —4 marks

(@) Given f(x) = (x + 1)(x — 2)°, obtain the values of x for which f(x) = 0.

2
(b) Calculate the gradient of the curve defined by TT+ x=y—5 at the point
(3, -1). |

Marking Instructions

(a) f@ =G+ Dr-2°
F = (=2 30+ Dix -2 1
= (-2 ((x -2 +3x+1)
= (x=2F(x + 1) 1
= 0 when x = 2 and when x = —i_ 1
(b) Method 1
¥ N )
—+x=y-5S=2xr+xv=3 -5 1
v
2% + Tﬂ +ry= 2_1=ﬂ - id—l 2E1
dx dx dx
dy dy dy
6+3=-1=-2— 5=
* dx dx dx
s— -0 o &L 1
dx dx 2

. . dy dr+y .
Note: a candidate may obtain 3 = 53—y~ and then substitute.

Method 2 Al +x=y-5
y
2xy — 2% dy
—=+ 1= 2E1
¥ dx
.
—_6 — gd_'J' +1 = ﬂ
1 dx
dy dy
6 - 9= +1 = =
dx dx
Q = *l 2E1
dx 2
¥ 5
Mathod 3 —+x=y-5=x 7) +x=v-5
¥
1 of 1hdy dy
= + x| |—+ 1 = — 2E1
v ( ‘1‘2)(1"\' dx
dy dy dy 1
-6 -9=+1=== == —= 2E1
dx dx dx 2

. .dy 2y +32 .
Note: a candidate may obtain Z = S¥5F (in 2 and 3) and then

substitute.



2009
Q11 -5 marks

X ) ) dy
The curve y = 2+ 145 defined for x > 0. Obtain the values of y and d—i at the

—_

point where x = 1.

Marking Instructions

Whenx = 1.y = 1. 1
y = x27(3+1
= lny = (")) 1
= (2,’(2 + 1) Inx
| 2
‘l% = e : ! + 4x Inx 1.1
Hence, whenxy = 1.y = lﬂ;ld
4 _ _
E =3+0=3 1
Q2b — 3 marks

. . -1 1 . 1

(a) Differentiate f(x) = cos™ (3x) where —3<x < 3.
(b)) Given x =2 secH, y = 3 sin 6, use parametric differentiation to find d—J n
terms of 6. x

Marking Instructions

(a) F(x) = cos(3x)
-1
X) = - =——=x3 1,1
J () Ty x
B -3
A1 o
)
ﬁ = 2 secf tanf, d—1 = 3cosh 1.1
dan dae
dy % 3 cosh 1

dx % 2sech tanf

_ 3cos’d
T 2sing




2008
Q5 — 6 marks

A curve is defined by the equation x> + 3x>y =4 for x > 0 and y > 0.
Use implicit differentiation to find ﬁ
X

Hence find an equation of the tangent to the curve where x = 1.

Marking Instructions
xyz + jx?r =4

v+ z.wn-ﬂ +6xv + W& _ o 1M,1
. “dx ’ dx

(2xp + 3.\-2)Q = = — 6y
dx

dv =¥ - 6xy 1
dx 2%y + 32
Whenx = 1.
Ve =47 +3-4=0=+4Hr-1)=0
= v = lsincey > 0 1
Hence at (1, 1)
dy -7
@ _ 1 1
dx 5
Tangent is
-1 =-fx-1 1
S+ Tx = 12,
Alternative for the first 3 marks.
.111'2 + 3.‘:%1' =4
4
‘1'2 + 3y = —
X
dy dy 4
23— + 3v 4 3x— = —— 1
“dx : dy x?
(20 + 3r)ﬂ -2y 1
: e T ?
& _ k4 1

dx 2y + 3v




2007
Q2b — 3 marks

Obtain the derivative of each of the following functions:

(a) flx) = exp (sin 2x);
(b) y = ‘,_1_(.\:2 + l}‘

Marking Instructions

(a) flx) = exp(sin 2x)
F(x) = 2 cos2x exp(sin 2v) M1,2E1
(b) y = 4(JF+1)
Iy = (47 = (¥ + 1) In4 M1
1dy
:d—‘\ = 2vIn4 1
dy EN
d—i = 2vIn4. 470 1
Alternative:
)
4= 1
v = C_h.4(,‘2+1)
dy N
L 4 2x 24T 1,1

dx




