Integration

2013
Q6 — 4 marks

Int . sec’ 3x
ntegrate 75—
g 1+ tan3x

Marking Instructions

sed3x

Integrate —— ——— Withrespectto x.

1+tan3x

f)
=3
s
ceene| L+ TaN 3]

= l111‘1 + 13113\'|+ c
3

OR
w=1+tan 3x OR u=1tan 3x
du 2
—=3sec 3x
dx
1 2
;n‘u =sec 3xdy
1 1.
~du Sdu
3 OR f_g =
u 1+u
1 1
:;111|u‘+c OR :;111‘1+w|+c
1 N
- :111‘1 +tan3x+c
3
Notes:

6.1 Do not penalise omission of “+¢”.
6.2 |Modulus|symbols necessary for o*

6.3 Accept Hllogl 1 + tan3x]| for full marks.

6.4 Accept answer without working for full marks.
6.5  Award In|1 + tan3x| 3 marks out of 4.

with respect to x.

Evidence knows correct
form of integral.

Coefficient correct.

Use of In or loge.

Completes. including use of
|mod|'

Correct substitution.

Differentiates accurately

Correct substitution of d
and f{z/) into integral.

Integrates correctly and
. 3
substitutes back.*?



2012
Q8 — 6 marks

2
Use the substitution x = 4 sin € to evaluate J V16— x> dx.
0

Marking Instructions

X = 4sinf = dx = 4cosfdf 1
r=0= 0= 0} .
x=2=0=3
f(:)mdx
= 3 I6 = (Asm) . 4cosf df 1
— [\ /T6(1 —si2h) . 4cosf dd
= J‘S"ﬁ 16 cos2 @ . 4 cos @ do
~ 16 co26 d6 1
= 8[°(1 + cos20)do
= 8[f# + %sin ZH}E"‘S 1 |for applying trig. identity
and integrating
=% 4 4sin2
=% + 2/3(= 765) 1 |numerical approx. allowed

2011

Q1 -5 marks
13—x . : . .
Express ———— 1in partial fractions and hence obtain
x"+4x-5

jiq”_x dx.
X +4x-35

Marking Instructions

13 — x _ 13 — x
¥ 44— 5 x-DEx+95
A B
- + 1
x -1 x+5
13— x=4(x+ 5 +B(x -1
x=1=12=064=4=2 1 for first value
x=-5=18=-68B= B =-3 1 for second value
Hence 13 — x _ 2 _ 3
2440 -5 x-1 x+5
13-x 2 3
——dx = | ——dx - | —d
-[.r3+4x—5 * -[x—l * -[¥+5 *
for logs
=2mllx-1|-3Injx+35|+¢ ! . ]
1 |for moduli




2011
Q11 -7 marks

74
(a) Obtain the exact value of L} ) (secx — x)(secx + x)dx.

(b) Find_[

X
— x.
V1—49x*

Marking Instructions

(a) J'gm(secx—x}(secwrx)dr = ]'3"'4(sec3x—xZde 1
3%
s
= [tanx - f} 1
33 o
1
=|1- ——] -0
|: 364 (1
B
=1- —. 1 |Exact value only
192
(b) Method 1
Letu = 7x° M1
then du = 14x dx. 1
J- x dv - ij- du 1
V1 - 49¢ 14741 —?
= L sinu + ¢
114
= —sin' 7+ e 1 |must be in terms of x
Method 2
1 for fraction
I;n‘t _ L J‘& for numerator
VI—god T 14 1 - (e !
1 [for (7x2P
= 11—4 sin' 7 + ¢ 1 |must be in terms of x
Q3a —3 marks
3
1 . . 4 . X dx
(a) Use the substitution f = x” to obtain Tdx.
1+«
Marking Instructions
t=x' = dr = 4%dx 1 correct differential
¥ 1 4¢3
v = — dx
[r=t =105 P
1 1
== dr integral i
2 Jl T 1 correct integral in
= dtanls + ¢
= ftan'yt + ¢ 1 |correct answer




2010
Q7 — 6 marks

Evaluate

J" 3x+5 .
P+ D(x+2)(x+3)

. - a .
expressing your answer in the form lng, where @ and b are integers.

Marking Instructions

2
2 345
I (x+l)(1+2)(x+3\d¥

1M

345
GITO TS = xel t ez *ore3

3x+5 =

Ax+2)(x+3)+Bx+ D(x+3)+ C(x+ 1)(x + 2)

x=-1=22=24 = 4= 1 for first correct coefficient
x=-2=-1=-B=B-=

x=-3=-4=20=C=-2

1 for second correct coefficient

Hence for last coefficient and
3x+5 1 1 2 applying them

(.\'+1)(:r+2)(x+3)_x+1 x+2 x+3
2 )

= x+5 I i 2

Jl(x+11(1:2)(1+3|d\’ 7jl(x+l+x+27 +3](f.\‘

[In(x + 1)+ In(x +2) - 2In(x + 3)]f 1 |for correct integration and
=In3+In4-2In5-mm2-m3+2

3 x4 x 42 32

substitution
=1

'S e2x3 "3 1




2010
Q15 - 10 marks

A new board game has been invented and the symmetrical design on the board is
made from four identical “petal” shapes. One of these petals 15 the region
enclosed between the curves y = x> and y* = 8x as shown shaded in diagram 1
below.

Calculate the area of the complete design, as shown in diagram 2.

Diagram 2

x
Diagram 1

The counter used in the game 1s formed by rotating the shaded area shown in
diagram 1 above, through 360° about the y-axis. Find the volume of plastic
required to make one counter.

Marking Instructions

W =tro> =8t >x=02 1 |valuesofx

Area = 4 [{(VEF — %) dx IM |42
1 the rest

{31

[16 8} 32
—g4l=_2] ==
3 3 3 1

1

Volume of revolution about the y-axis = 7 [x*dy. 1M

So in this case, we need to calculate
two volumes and subtract:

4 4
V= 'T[JO-"“'-“} - [Jﬂ %1“'.‘] 1.1 |each term
274 5 74
- 5], - 55
[ U R
21o 32010 1
[ 64 x 41
= a8 —
320

40716( 24
(=

T)(“ 15) 1



2009

Q5 — 4 marks
Show that

n_fr e.\' _ e—.\' :'F

In2 . _,
J. e te g —In
1

Marking Instructions

Method 1
nlg' + ¢
Jr—e
Letu = & — ¢ thendu = (& + e™)dx.
Whenx = In3.v = 3 - % = andwhenxy = In2.ow =2 -4 =

m2e" 4 7" 32 du
[y o
mi e’ —e™ SI6

[na]is

3 5
In--In—- = 1112
2 6 5

Method 2
J.::;Z: i ::i dv = [In(e* - e’x)]zg
1 3 2
-l -3 - w3~
= 111% - 111% = 111%
2009
Q7 — 6 marks

Use the substitution x = 2 sin @ to obtain the exact value of

(Note that cos24 =1 -2 sin’4.)

Marking Instructions
x =2sinf = dv = 2cos@db

. 1 7
x:O:B:O:x:ﬁjsmﬂ:—dH:I

V2 4
VI T4 4sin’@
dx = 2 6) dé
-[0 VA -2 v IG V'4—45i1129( cos 6)
a4 4 ¢in?
= I M(Z cos 8) de
0 2cosf

/4 R
” -2
2 -l.o (2 sin"8)de

nl4
2 J’O (1 = cos26)d6

1 4
= 2[6 - = si1126:|
2 o

[5-3)-¢

-1

|
(]

(Y =1

=]

lw

N
0

2

X
V4 - x°



2008
Q2 — 5 marks

(@) Differentiate f(x) = cos™ (3x) where —+<x<1.
(b)) Given x= 2 secH, y= 3 sinf, use parametric differentiation to find dy in
terms of 6. ¥

Marking Instructions

(a) flx) = cos™ (3x)
-1
¥) = ——— x 3 1,1
F@ = =g
_ -3
N1 -0
(b)
:;; = 2 secd tanf, % = 3 cosf 1.1
ay % _ 3 cosf 1
dx B 2sechtand

Jcos’d
2 smnf




2007
Q10 — 6 marks

Use the substitution #= 1 + &’ to obtain j

A solid 1s formed by rotating the curve y =

3
Iy

01+

3/2
ey

dx.

between x =

Oand x=1

through 360 ° about the x-axis. Write down the volume of this solid.

Marking Instructions

1+ =u = 2vdy = du
x=0=u=1: x=1=2u=2
1 v 2(u - l)
-[n (1 + 2)* dv = J.l 2ut du
1
= ;J.] =~ du

The volume of revolution is given by V. = N - m2dx.

V=

Y ]
%
17 171
’4] 5[_5

71‘: J 1
“5l 2 E %

So in this case

il
-

L
3
1
E
L.

1 3 7
:rJ' a dy = 1.
o (1 + x)* 24

Integration by parts could be used for marks three, four and five.

2u -1
'[l 2ut d

u

2

-3
%[(” -1 Irr_4d1! - Jl,i—Bdu]l

ll:u -1 u? :|2
= =| —— 4 —
21 =343 (-6)];




