Power Series

Any series of the form

g+ a;x + ax? + az® + apt+

is called a Power Series.

Further Sequences
and Series

In many cases, the sum of such a series becomes bigger and bigger
as you add on successive terms - i.e. the series diverges.

It is the sum of some series that converges to a particular limit that
we will meet at Advanced Higher.

Maclaurin Series Example

Under certain circumstances a function f(x) is given by: Use Maclaurins theorem to expand e* as a series of ascending

powers of x.
= 5 =
_ FOx , fON FP0)" Ji@)=e =
fx)=70)+5=+—=F5—+...% | = =
L 2 n f=e F)=1
'(x)= e 0)=1
Note/ (1) Maclaurins theorem holds for functions for which S f‘( )
(0) exists V n
o n 0 n
(2) The resulting power series must be convergent. The Hence f) = Z ! (n') <
interval of congruence is known as the Domain of n=0 '
Validity.

x—1+x+x2+x3+
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f(x)= sinx 0)=0
Q: How far do you go?! f

f(x) = cosx f(0) =1
fP= —sinx 70)=0
A: The question will always tell you e.g. “Write down as far as -
the x® term” or “Obtain the first four (non-zero) terms” f(x)= —cosx F0)=-1
7 (x) = sinx =0
Example 7 (x)= cosx Fw)=1
Write down the first 3 non-zero terms of sinx
N5
f(x)= sinx £(0)=0 Hence /()= )
F(x) = cosx £0)=1 n=0
") — . _ 1 2 _1).3 4 5
f = —gsinx f:(O)—O sinx=0+@+(o)f +( 1‘))( +(O)x +&
f (x)= —cosx ()= -1 I 2! 3 4 3
B = o 07 o, o . g d
ST )= sinx i (S0 sing=x—F +g+..
f (%)= cosx =1 ST
Example The following list gives some standard results which are worth
Wi dlowm fhe St 5 nem-mams (&Ems of ln( 1+ x) remembering. You are expected to be able to derive them.
f(x)= In(1+x) A=
=l —
f‘(x)_ux f(0)=1 €x=]+£,+x7?+xj3+
") _ 1 " _ !
f IRy f (0) =l 3 5
"(x) 2(1”) sinx =x =5 + 5 +

M0y =2 6
(+x) A0 cosx=1—x7j+%—%;+...
fr0)x"

3
nl In(1+x)=x—-%5+7%

Hence f(x) = Z
n=0

in(1+x) =0+ + (4
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) 3 LET'S THINK ABOUT THIS
X X 38 X
e =l+y+ytyt

Why does the Maclaurin series for cosx only ctain
even powers, while that for sinx only contains odd

powers?
. X x° A: cosx is an even [unction of x, and sinx is an odd
Slnx=x_? +§ g function of x.

Xz X4 x6
cosm= ISt e

DON'T FORGET

Try to use standard results as much as possible.

Top Tip
If the questions says “Write down” you can use these standard results

directly. If the questions says “Obtain” you must derive them (unless
they are part of an associated series - next).

Associated Series - Using more than one expansion . © %
sinx = x— 3 + 5 +...

| 5!
Example ; i i
P sindx = 3x — —(3;) + —(3;‘,) +..
Obtain the Maclaurin expansion for f(x)= e_zx sindx ! i
. & Bn 9% | 8k’
asfaras X using the expansion for ¢ and sinx simdx = 3x — 5 + 5+

Hence
x—1+£+L2+L3+L4
A T TR TR

=2x _ 1o (=20 (=22 (-2 , (—20
e T =1+ T A+ I+

. ) Q:  Why only expand ¢”* to the power 4 and sin3x to the power 5?
=2 2 2x
o Sl = T O — L 3
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Hence

F(x) = e Zsindx = (1 —2x 42— 4 2"74)(3x -

2 2 ¢ 3
=3x— % -6+ % +6x

2 3 4
=3x —6x +%+5x

We could have used the Product Rule to differentiate f(x) to

obtain the Maclaurin expansion as far as x*.

P 4 6
But cosx=1— 5 + 7 — @ +...
x2 x4 x(y
cosx —1= -+ 5 —g+..
And In(cosx) =
_xz_'_x‘l_x('—_l_xz_,_x4_x('2_|_l_x2
2! 4! 6!_ 2 2! 4! 6! 3 2!
Ko xt x P
= e D
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5
+ 84

)

Example

Obtain the Maclaurin expansion for f(x) = In(cosx)
as far as the term in x°

The only logarithmic expansion is that for In(1+ x) ",
we need to write COSX in the form (1 +....)

The easiest method is to use cosx = [1+ (cosx —1)]

So, In(cosx) =In[l+ (cosx —1)]

e (cosx— 1)Z (cosx— 1)3
In[l1+ (cosx —1)] = (cosx —1) — =57 + =55 —



