SECOND ORDER
Differential Equations

Findine Particular | I

1. Iffix) is a polynomial function of degree n we try y = a polynomial function of
degree n with constant coefficients.

Iffilx)=x**+2x-1 tryy=Cx?+Dx+E

Iff(x)=2x+1 ryy=Cx+D

If f(x)=x"—1try y=Cx"+Dx+ E note that the term Dx must be included
in the particular integral as f(x) = x" +0x—1

dy d’y
We then find 071 and d\it and then substitute into the equation.
e -

By equating coefficients of the left hand side and the right hand side we find
the constants C, D etc
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To solve azx—f+b%+cy:f(x)

first solve the homogeneous equation a

2
d )7;+bﬂ+cy: 0
- dx

This gives the complementary function (CF).
We then find a particular integral (PI) (methods given below)

which leads to the general solution of the non-homogeneous
equation.

[General solution = complementary function + particular integraﬂ

2. If fix) is an exponential function try y = an exponential function of equal power.
Iffix) = 3e* try y = Ce*™
Continue as in 1.

3. Ifflx) is a trigonometric function, then try y = a trig function.

If fix) = 4cos 2x try y = C sin 2x + D cos 2x. Note you need both cos and sin in
your P.I. as f(x)=0sin2x+4cos2x

If f(x)=2sinx+cosx try y=Csinx+ Dcosx

Again continue as in 1.
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aﬂ+bﬂ

X dx+cy=f(x)

So when choosing the form of the Pl we usualy choose the
same form as the f(x).

This reasoning leads us to select the Pl according to the steps:

O try the same form as f(x)

O if this is the same form as a term of the CF then try the same
form as xf(x)

© if this is the same form as a term of the CF then we try the
same form as x*f(x).

Substitute mto

d*y dy
5 d=——r Ap=dhrard
dx~ dc

0+3C+2(Cx+D)=4x+4
2ACsear JHC ar 2ID) = dhpar dl

Equate coefficients of x =2C=4
Cc=2
Equate constants =3C r 2ID=4]

32)+2D=4
D=-1

dy dy

Ex 1. Solve —5+3—+2y=4x+4
dx” dx
AE. = m*+3m+2=0 (b* —dac=1)
(m+2)m+1)=0 =>m=-2,m=-1

CF. y=A4e™+ Be™

For the P.L try p=CearlD
iy
dx
d*y
—} =0
dx”
PIL w= 2=l

So, G.S.=CF. +P.L

y=Ae>+Be™+2x - 1



ForaP.L

d’y _dy L
Ex2. Solve —+2—+2y=3e¢ " L
dx” dx y=Ce™
AE=m+2m+2=0 (b* —4ac=-4) = doesn’t factorise dy
2= _2(v )—2\'
dx ¢
—2+44-8 -2+4-4 .
oy — = — i s a5
il
2 2 Y _yce
dx-
CF. y=e™ (dsinx + B cos x)
Substitute into 7 Pr  _ab ‘
Ex 3. Solve —+6—+ 10y =30sin2x
2 dx~ dx ’
d-y dy e
= ZT+ 2y=3e"
d @ AE = m?+6m+10=0 (b~ —4ac=-4) = doesn’t factorise.
4Ce™> +2(2Ce™) + 2Ce™> = 3¢ e Ul
2 2 B

0o | W

W= =C=
CF. y=e¢ (4 sinx +B cos x)

=k

PL y=Ze

o | w

St G =C IR, 2R P
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: 3 &
y=e¢*(dsinx+Bcosx)+ E =



For the PItry y=C sm 2x +D cos 2x

iid =2Ccos2x—2Dsin2x
dx
d’y S
——=—4Csin2x—4Dcos 2x
dx”

Substitute mnto

d 2 y dy s
— 4+ 6—+ 10y =30sin2x
dx ’

dx

PI = sin 2x - 2 cos 2x

G.S.=CF.+PL

y=e3 (4 cos x + Bsinx)+ sin2x —2 cos 2x

Substitute into

d’y  dy .
—+ 6—+ 10y =30smn2x
dx~ dx ’

-4Csin2x — 4Dcos2x + 6(2Ccos2x - 2Dsin2x) + 10(Csin2x + Dcos2x)
=30 sin 2x

4D+ 12C+ 10D =0 (equating cos 2x)
-4C - 12D + 10C =30 (equating sin 2x)

12C+6D=0
6C -12D =30

solving simultaneously gives C=landD=-2



