Sequences and Series

2013
Q17 — 10 marks

Write down the sums to infinity of the geometric series

valid for | x| <1.

Assuming that it is permitted to integrate an infinite series term by term,

show that, for | x| <1,
3 5
In | 1EX | _of oot 2
1-x 3 5

Show how this series can be used to evaluate In 2.

Hence determine the value of In 2 correct to 3 decimal places.

Marking Instructions

‘Write down the sums to infinity of the geometric series 7

1+x+x+x +... and
2,3

l-x+x"—x +...

Valid for [x{<1.

Assuming that it is permitted to integrate an infinite

series term by term, show that, for |x‘< 1,

B 3 ] b
In Lix =+
1-x 3 5

Show how this series can be used to evaluate In 2. 3

Hence determine the value of In 2 correct to 3 decimal
places.

53 1 o' Correct statement of sum.
l+x+x +x+ ... :—l
_y




Integrating the first of these gives:

1 -
2 3
Putting x = 0 gives ¢ = 0.
1,1 1
Similarly, ¥——x% + -3 ——x*_ =In(l+x)
2 3 4

Adding together gives:

2[r+%.\'3 +%x5 +‘.‘]:h1(1+‘\')—h1{1—x)

I+x
|:= In \} as required.
1-x

1
2 4, = 2 4 T
OR 242x° +2x" + e + —
Z2y3 42454
2x + PRt B
=In(1+2x)..
o= In(l—-x)+e¢
Putting x = 0 gives ¢ = 0.
[: In 1+ Y} as required.
1-x
OR
o =m() flm=0
Fx) =2(1— 2%~ orequivalent F0) =2
" — - — y2y-2
Fr(2) = 451 = x2) J—
F(x) = 16x3(1 — x®) "+ 4(1 — )72 oy =4
fV(x) =96x3(1— x2)™* +48x(1— )72 Yo =0
fV(x) =768x*(1— x2)75 +
576x3(1 — x¥)™* +48(1 — x¥)7? fY(0) =148

() =0+21x +0x% + :;i'c’ +0x* + g,\'& + o

=2x+ 2+ Iys 4
3 5

sof(x) =In (H—X) =2 (1 24 §+ ) as required.

1-x. E]

1+x
Now choose x such that =——=2.
_y

lel+x=2-2x.50 X=

G| =
—

+
| —

1 1
+ + +...
81 1215 15309 J

=0-693 10 3 d.p.

5
o

of

Correct integration of
both sides.!

Correct evaluation of ¢.°
Correct integration of
both sides.!

Evidence of appropriate
method.

Appropriate intermediate
step.

Adds series.

Integrates LHS

Integrates In(1 +x)
Integrates In(1 —x)

o' Correct evaluation of ¢."*

Evidence of appropriate
use of Maclaurin. ™'

All five derivatives
correct OR first two
derivatives and first three
evaluations correct.’

All six evaluations correct
OR final three derivatives
cotrect and final three
evaluations correct.

Correctly substitutes
obtained values into
Maclaurin.

Simplification en route to
required result.®

States appropriate
equation.

Correctly solves
Eqﬂ.ﬂTlOlL-1

Obtains accurate
approximation.*®



2012
Q2 — 5 marks

The first and fourth terms of a geometric series are 2048 and 256 respectively.
Calculate the value of the common ratio.

Given that the sum of the first n terms 1s 4088, find the value of n.

Marking Instructions

a = 2048 and @® = 256 1M [valid approach
=77 =1
=r =14 1 |correct answer only. 2 marks
a(l — )
S = —m—
" 1 -7
1 - ()" 4088
= @) = 1M |for sum formula
1-4% 2048
511
256
(1 o511 1 sl
=1 —J = — X - = —
2 256 2 512
1 - 511 T L
2 512 512
= 2=512=n=29 1 |any valid method
Q8 — 4 marks

n J n 2
Write down an expression for 2” - 2"
=1

r=1

and an expression for

LA, n 2
2rH|Xr].
r=1

r=1

Marking Instructions

2

i"af(i"r:HEUHIF*(”(HJFUJ o0 1

r=1 r=1 4 2
n no2 12 e
\ 20+ I

R EJ, _n (n )i +(n(n JJ
r=1 r=1 N 4 2

w(n+ 17 2n + 1) L

4 4

_rm+ 1)

1
2




2011
Q13 -9 marks

. . . 1
The first three terms of an arithmetic sequence are a, —, 1 where a < (.
a

Obtain the value of a and the common difference.

Obtain the smallest value of n for which the sum of the first n terms 1s greater

than 1000.

Marking Instructions

Method 1
Let d be the common difference. Then

1
wy=1=a+2d and m===a+d 1
a

1 \
1l =a+ 2(7 - (r) 1
) a
a=a +2-2d
Fra-2=0 1
(a+2)(a—1)=0=a=-2sincea < 0. 1
a = -2gives2d = 3andhenced = % 1
Method 2
1
uy = a.uy = —u3 =1 M1
1 “ 1
= —-——a=1-- 1
a a
=1-ad=a-1
> a+a-2=0 1
(a+2)(a—1)=0=a=-2sincea < 0. 1
1 3
n':ug—uZ:]fE:E 1
n
Sy = 5[2(: +(n - l)a’]
3 3
= 2[4 + =n - —] 1
2 2 2
= 4[3? - 11n]
3 — 11n > 4000 1
2 11 4000
no—- =n > —
30 3
( 11y 48000 121 48121
n——=| > — + — = ——
6 36 36 36
. 11 N V48121
6 6
n o> vaslal + 11 ~ 3839
6
. 1 for value
So the least value of n is 39. ) o .
1 for suitable justification




2010
Q2 — 5 marks

The second and third terms of a geometric series are —6 and 3 respectively.

Explain why the series has a sum to infinity, and obtain this sum.

Marking Instructions

Let the first term be ¢ and the common ratio be
7. Then
ar = —6 and a? =3 1 {both terms needed}
Hence
2
ar 3 1 .
P — = — = = 1 evaluating »
ar -0 2
So, since |[r| < 1. the sum to infinity exists. 1 justification
g = a 1 correct formula
1 -7
I R -
1-(-4) 1%
- 8. 1 the sum to infinity




2009

Q12 — 6 marks
The first two terms of a geometric sequence are a; = p and a, = p°. Obtain
k
expressions for S, and .S, in terms of p, where S, = 25’}'
J=1

Given that S, = 655, show that p" = 64.

Given also that a; = 2p and that p > 0, obtain the exact value of p and hence the
value of n.

Marking Instructions

4 =P =S =p+p + .. +pk:p(rf71)
-1
s,,:—wfl) 1
p-1
2n
5, = 2" -1 1
p-1
p” - 1) 6 -1
p-1 -1
P+ -1 =0650p"-1) 1
P+ 1 =65 1
=p" =64

ﬂ;:p2:>n3:p3but(g: 2psop3:2p
=S p=2=p=+2since p > 0. 1

P=6i =2 = (2"

n =12 1

1,1

1,1



2008
Q1 — 4 marks

The first term of an arithmetic sequence 1s 2 and the 20th term 1s 97. Obtain the
sum of the first 50 terms.

Marking Instructions

Let the common difference be d. General termis a + (n — 1)d. 1
So2 +19d =97 = d =5 1
Sum of an arithmetic series is %[2(1 + (n = D)d]. 1
Required sum is 3:9{4 + 49 x 5} = 6225. 1
Q9 - 5 marks
n 2
Show that Z (4—-6r)=n-3n".
r=1
2q
Hence write down a formula for 2(4— or).
r=1
2q
2
Show that Z (4-6r)=q—9q".
r=g+1
Marking Instructions
i(470f')=4i—enr 1M
r=1 r=1 r=1
=4dn - 3n(n + 1) 1
=n-3
29
Y 4-6r) =29~ 124 1
r=1
29 2q a
Y @-6r)=Y @d-6r)- Y (4-0n) 1M
r=g+1 r=1 r=1
= (2¢ - 12¢) - (g - 3¢) 1
=q- qu.

Arithmetic Series could be used, so, for the first two marks:
a=-2,d=-6=8 =2{2(=2)+ (n - 1)(-6)} 1

= -2n -3 +3n =n -3’ 1



