Vectors

2013
Q15 -9 marks

(@) Find an equation of the plane m;, through the points 4(0, -1, 3), B(1, 0, 3) and
(0, 0, 5).

(b) T, is the plane through 4 with normal in the direction —j + k.

Find an equation of the plane ,.

(¢) Determine the acute angle between planes T, and 7,.

Marking Instructions

"

| 0 N ®'  Any two correct' vectors
AB=|1 ’ AC=]1 OR BC=0
L0 2 5

)k o Evidence of appropriate
[ — thod.”
ABxAC=|l 1 0| orequivalent method

0 1 2

=2A-2j+k o Obtains vector product
(any form).

2x-2p+z=2x0-2x-1+1x3

Miv~2r+z=§ ¢"  Obtains constant and
states equalion of plane.
0 1 0
OR  r={-1|+A[1]+pu|1]orequivalent
3 0. 2
b 0<0+(=Dx(=N+1x3=4 o*  Evidence of appropriate
method.!
Tyi~y+z=4 of  Processes to obtain
equation of second plane,
¢ Normal vectors:
2 0 o’ Obtains two correct
u =(-2|andm, =| -1, |”l‘= \/§=3_|"2| =2 leugths.
1 1

cos (angle between normals) =

may _2x0-2x-1+1x1_ 3 1 o*  Evidence knows liow to
l"l""zl - 372 ENON use formula.
Angle =45
. x o Processes to statement of
acute angle between planes is 45°| o — answer.’
OR
=2-2j+k so |2i—2j+k| =3and I—j+k|=\/f o’ States vector and obtains
moduli.
3=|m]|.|m| coso= 32 cos® o' Evidence kuows how to
use formmla.
1 n o Processes fo statement of
cos 0= ﬁ s09= N (or 45°) answer,




2012
Q5 - 5 marks

Obtain an equation for the plane passing through the points P (-2, 1,-1), O (1, 2, 3)
and R (3,0, 1).

Marking Instructions
Method 1

PO =31+ j+4kand QR = 21-2) - 2k 1 |PRcould beused
A noimal to the plane:

N _ 134 k
POx OR=13 1 4 ™M
2 -2 -2
1 4 34 31
‘1J—2"Jv—z +k|2—:
= 6l + 14§ - 8k 1
Hence the equation has the form:
G + 14 - 8 = d 1

The plane passes theough P(=2, 1, —1) so
d=-12+14+8 =10
which gives an equation 6v + 14y —-8:=10 1
iedx+7r—4-=5

Metinod 2
A plane has an equation of the form
ax + by +cz=d Using the points P, Q. R we get

2a+b-c¢=4d

a+2b+ 3 =d M
Ja+c=d
Using Ganssian elimination to solve these we have or other valid method

21 -1d -21-1d

1 2 3 d = 0 5 5 3d |
3 01d 0 6 8 24
=21 -1 d

= 0 5 5 3d |
00 2 -

4 7 3
= ——d, = —d, = -
ENs 3 b d, a d 1

These give the equation
Qd)x + (fd)y + (4d)z = d

ie. N+Tr-42=35 1

2011

Q15 - 10 marks
The lines L, and L, are given by the equations

x—1 y z+3 x—4 y+3 2+ 3
= . and = = s

k 1 1 1 1 2

respectively.

Find:
(a) the value of % for which L, and L, intersect and the point of intersection;

(6) the acute angle between L, and L,.



Marking Instructions

(2) In tenms of a parameter s, Ly is given by
Y=+ k1= —s 2= =3+ 1

In terms of a patameter 7, L is given by
V= 44y = =3+ = <34+ I

Equating (he y coordinates
and equating the = coordinates:

-y = =3+ |
34y = 3y
Adding these
-3=-6+13s
Sr=los5=2 1
From the x coordinates
L+ks =4+ 0
Using the values of s and ¢
1 +2%k =85> k=2 1
The point of intersection is: (5, =2, —1) 1
(b) Ly has direction 21 — | + k
L, has direction t + | + 2k 1 |For both directions
Ler the angle between Ly and L, be ¢, then
M - i 9
cost = Qi-j+k).d+j+ 2k i
20 -3+ K+ )+ 2K
_2-1+2 3 1 i
oVes e 2
0 = 60 1
The angle between L) and Ly is 60

2010

Q6 — 4 marks
Givenu=-2i + 5k, v=3i + 2j ~ k and w =i +j + 4k.

Calculate u. (v x w).

Marking Instructions

Pk
vxw =132 _] 1M |y valid approach
11 4
2 -l 3 -1 334
:"1 4 }"jl—l 4 |TH ||
= ol - 11) + 5k 1
WAV W) = (=20+0)+ 5k).(91 - L1 + 5k)
= -18 +0+25
= 7, 1




2009
Q16 — 11 marks
(a) Use Gaussian elimination to solve the following system of equations
xX+y—-2=6
20— 3y + 2z =2
—Sx+2y—4x =1

(b) Show that the line of intersection, L, of the planes x + y — 2 = 6 and
2% — 3y + 2z = 2 has parametric equations

x=A
y=4r-14
2= 5A-20.

() Find the acute angle between line L and the plane —5x + 2y —42 =1,

Marking Instructions

(@) Y+yr—z=6
2v -y +2- =2
=S+ 2y -4z =1
11 -1196 1 1 -1]e6¢ 1 1 -1 |6
2 -3 2 2=0 -5 4 -10 = 0 -5 4 -10
-5 2 -4 |1 06 7 -9 {31 0 0 -¥ [17
1,1,1
-17
=17 —_— = -5 1
5 )
=5 -20 = -10 = y = =2
X-2+5=6=x=23 1
®) Letx = A
Method |
In fust plane:x + y - = = 6.
A+ (44~ 14) - (54 -20) =50 -54+6 =6 1
In the second plane:
-3 +2:=2-3(MA-1H+2(50-20)=5A-54+2=2. 1
Method 2
y-r=6-A=22y=26+:--1
W+ 2:=2-21 1
(18 -3z +3) +2-=2-121
—===20-50=>:=51-20 1
andy = 41 - 14
Method 2
X +y - I = 6 1)
2v - I + 2= = 2 2)
St -z = 20 @) + 3()
4 -y = 4 @+2 y
yo= 4v - 14
> = 5x-20
x=Ay=4A-14,z=51-20 1
(¢) Directionof Lis | + 4] + 5k, direction of noimal to the plane is
=5l + 2§ - 4k. Letting 6 be the angle between these then
-5+ 8-20
cosf = TV 1IM,1
_ 17
T 3210

This gives a value of 113.0° which leads to the angle
113.0° - 90° = 23.0° 1,1



2008

Q14 - 10 marks

() Find an equation of the plane 7, through the points A(1, 1, 1), B(2,-1, 1)
and C(0, 3, 3).

(6) 'The plane 7, has equation x + 3y — 2= 2.
Given that the point (0, a, b) lies on both the planes 7, and 7,, find the
values of a and . Hence find an equation of the line of intersection of the
planes 7, and ,.

(¢) Find the size of the acute angle between the planes 7, and 7,

Marking Instructions

()
AB=1-2 AC=-1+2+2% i

s b ok
ABx AC = || 20| =(4-01-(2-0]+(-2k 1
-1 2 2
= -4l - 2f
Equation is
~4x - 2r =k
= —4(l) - 2(1) = -6 1
le.—2x -y = -3
2x+y =13
© Ina2x0+a=3=aq=3 1
Inm:0+3a-b=2=b=3-2=17 1

Hence the point of intersection is (0, 3, 7).
Line of intersection: direction from

1 j k
-4 -2 0|=21-4- 10k I
13 -1

Y=0+2ny=3-4r.z=17-10r 1

There are many vaiid variations on this (including symmetric form) and
these ware murked an their merits.

(c) Let the angle be 0. then
l-—ll—lﬂ.[l+5i—k}' | —4—6’ N
- = |—_—] = M, 1
NS R [ LS B IV T 5 Y B :

cosfl =

or

M - 2) x (G + 3§ - k)|

[ V& 2N+ 32+ 2 |
_v2+a2+100 120 6
- vt  Yaoxu o Vm :

Hence 8 = 47.6°, 1

sing = M




2007
Q15 - 10 marks ~

Lines L, and L, are given by the parametric equations
Litx=2+sy==s,2=2-s Ly:x=-1-2t,y=1t,2=2+ 3¢

(@) Show that L, and L, do not intersect.

(6) The line L; passes through the point P(1, 1, 3) and its direction .is
perpendicular to the directions of both L, and L,. Obtain parametric
equations for L;.

(¢) Find the coordinates of the point O where L; and L, intersect and verify
that P lies on L,.

(d) PQ is the shortest distance between the lines L, and L,. Calculate PQ.

Marking Instructions

(a)  Equating the 1-coordinates: 2 + s = —1 — 2 = 5 + 2t = =3 (1)
Equating the y-coordinates: —s = / = 5 = — 1
Substitutingin(1): —r + 2t = -3 = r = ~3 = 5 = 3, 1
Puttings = 3in L, gives (5, -3, —1)and ¢ = —3in L. (5 -3, -7)

As the = coordinates differ, Z; and L, do not intersect, 1

(b) Directious of L, and L, are: i — j — k and =2j + j + 3k. The vector
product of these gives the direction of L.

i i k
(i-j-K)x(-2i+j+3K)=|1 -1 —1 ==2[-j-k 1M,1
=2 1 3

Equation of L,:
r=i+j+3k+(<2i-j-Kku
=0 -2mi+(1-mwmj+ @3-k

Hence Lyisgivenbyx = 1 — 2,y = | ~ yr.z2 = 3 — . 1
(c) Solving the : and y 'coordinates of l:g and Ly:
-1 -2 =1-2vandr =1-n
= -1 =3~4u>u=1and¢ =0 1
The point of intersection, Q, is (-1, 0, 2)since 2+ 3 =2 and 3—n = 2, 1
Liisx=2+5y=~5,2=2—5. Wheny = 1,5 = -1 and hence
y=1landz = 3,ie PliesonZ,. 1

) PO = V224 124 12 = G 1

[y



